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1Stochastic Modeling of Private Equity –
An Equilibrium Based Approach to
Fund Valuation
Abstract
In this paper, we present a new approach to measure the returns of private
equity investments based on a stochastic model of the dynamics of a private
equity fund. Our stochastic model of a private equity fund consists of two
independent stages: the stochastic model of the capital drawdowns and the
stochastic model of the capital distributions over a fund’s lifetime. Capital
distributions are assumed to follow lognormal distributions in our approach.
A mean-reverting square-root process is applied to model the rate at which
capital is drawn over time. Applying equilibrium intertemporal asset pricing
consideration, we are able to derive closed-form solutions for the market value
and time-weighted model returns of a private equity fund.
Keywords:
Private Equity Funds, Stochastic Modeling, Mean-Reverting Square-Root
Process, Incomplete Markets.
JEL classiﬁcation code: G24, D52, G13
21 Introduction
Illiquid assets, such as private equity, constitute a signiﬁcant portion in the long-
term strategic asset allocations of many institutional investors. According to ﬁgures
provided by the EVCA, annual funds raised by private equity and venture capital
management companies in Europe reached a record high of Euro 71.8 bn in the
year 2005. This ﬁgure represents more more than two and a half times the funds
raised in 2004 of Euro 27.5 bn, which emphasizes the importance private equity has
gained especially in the recent years.
The illiquid character of investments in private equity as an asset class presents
particular challenges for portfolio management. The empirical application of the
standard neoclassical ﬁnancial models - such as portfolio optimization techniques
and value at risk - typically require as model inputs the risk-return characteristics
of an asset class. Risk-return characteristics for asset classes of publicly traded
securities can easily be estimated by standard statistical procedures from historical
time-weighted returns based on the securities observable market prices. As pri-
vate equity investments are not traded on secondary markets, observable market
prices are constantly not available. The evaluate the performance of private eq-
uity funds the typical measure used is therefore the internal rate of return (IRR) of
the investment. As has been intensively discussed in the literature, the use of the
IRR as a measure of performance has several drawbacks. According to Hirschleifer
(1970), the IRR may not be unique when future cash ﬂows vary in sign. Second,
the IRR is based on the implicit assumption that intermediate cash ﬂows can be
reinvested at the discount rate. Last, but maybe most important in the context of
portfolio management is the fact that the IRR does not allow the estimation of a
standard deviation of returns and a correlation of private equity returns to other
asset classes, such as publicly traded stocks. Some empirical studies on the perfor-
mance of private equity funds try to avoid these drawbacks of the IRR by calculating
time-weighted returns based on the fund’s disclosed net asset values (NAV).1 These
time-weighted returns are based on the implicit assumption that the assets of the
fund may be realized (or are at least accurately measured) by the reported net asset
values of the fund management. However, as discussed in the relevant literature,
reported net asset values frequently suﬀer from the problem of stale and managed
pricing.2 Stale pricing is caused by the fact that the reported net asset values of
the fund management do not readily incorporate all available information. Stale
pricing hence leads to a lag-time between observable market valuations and valu-
ations in private equity portfolios. Under these conditions, the reported net asset
values will only occasionally reﬂect the true market values, i.e. the price at which
the fund’s asset could be sold in an open market transaction. Similarly, as private
equity fund managers have considerable discretion in their valuations, reported net
asset values might suﬀer from a managed pricing phenomenon. This means that
fund managers actively ”manage” the pricing of their portfolios. In this sense, it
is possible that fund managers mark the values of their portfolios up or down only
when it is favorable to do so.
The impact of our paper to the existing literature is twofold. First, we present a
new approach to measure the return of a private equity fund based on a stochastic
1See Chen et al. (2002) for references.
2The phenomenon of stale pricing in illiquid asset markets is extensively discussed in Get-
manski et al. (2003) and Kaserer et al. (2003). For managed pricing in the private equity
industry see Anson (2002).
3model of a private equity fund’s capital drawdowns and distributions over its life-
time. Applying equilibrium intertemporal asset pricing considerations, the stochastic
model of capital drawdowns and distributions allows us to infer the fund’s market
value over time as the diﬀerence between the discounted sum of all outstanding
future distribution and the discounted sum of all outstanding future capital draw-
downs. This means, rather than using reported net asset values, we derive the
market value of a fund based on the distribution of observable cash ﬂows. This
market value can then be used to deﬁne a periodic time-weighted return of a fund
that does not suﬀer from indicated problems, such as stale or managed pricing.
Second, our stochastic model of the dynamics of a private equity fund diﬀerentiates
from the existing literature on private equity fund modeling in the following re-
spects. The models of Takahashi and Alexander (2002) and Malherbe (2004) both
rely on the speciﬁcation of the dynamics of the unobservable value of the fund’s
assets over time, where model parameters have to be estimated from the disclosed
net asset values of the fund management.3 The dynamics of our model are solely
based on oberservable cash ﬂows, which seems to be a more promising stream for
future research in the area of venture and private equity fund modeling.
The rest of the paper is organized as follows. Section 2 gives a deﬁnition of the
ﬁnancial market underlying our stochastic model of a private equity fund. Section 3
presents the stochastic model for the capital drawdowns of a fund over its lifetime.
The stochastic model for the capital distribution is presented in Section 4. Section
5 shows how the market value and a periodic model time-weighted return of a fund
can be calculated. Section 6 gives an conclusion and identiﬁes areas for future
research.
2 Deﬁnition of the Underlying Financial Market
We start with a precise deﬁnition of the underlying ﬁnancial market, which will be
relevant for our following stochastic model of a private equity fund. Consider a
model of a ﬁnancial market S that consists of one traded asset only: the risk-free
asset or money market account.
Let rf denote the deterministic short-rate of interest, which is assumed to be
constant in the framework of our model. Under these assumptions, the dynamics of
the money market account are given by the following ordinary diﬀerential equation:
dBt = rfBtdt (2.1)
We further assume that the price process of the money market account deﬁned
in (2.1) is normalized to 1, e.g. B0 = 1.
The ﬁnancial market S is modeled on a ﬁltered probability space (Ω,F,F,P),
where the ﬁltration F := (Ft)0≤t≤T satisﬁes the usual conditions of saturatedness
and right continuity. All Wiener processes zt introduced throughout this paper are
deﬁned on and adapted to the ﬁltered probability space (Ω,F,F,P). That means,
the probability space is large enough to support all random variables introduced
hereafter.
3Note that Malherbe (2004) tries to account for the inaccurate valuation of the fund man-
agement by incorporating an estimation error in his model.
4In addition, we assume that the probability space (Ω,F,P) and the ﬁltration
(Ft)0≤t≤T remain ﬁxed.4 From an economic perspective, this means that we do
not incorporate important aspects of asymmetric distribution of information in the
market for venture and private equity capital in our model.
We deﬁne a probability measure Q on F as being an equivalent local martingale
measure to P, if S is a local martingale under Q.5 If Me(S) denotes the set of
equivalent martingale probability measures, we deﬁne this set to be non-empty for
all assets introduced hereafter:
Me(S) 6= ∅ (2.2)
This condition is is sometimes called the ”ﬁrst fundamental theorem of asset
pricing”6 and is equivalent to the assumption of no-arbitrage on the ﬁnancial market
S. We need this rather mild condition to ensure that all assets constructed in the
following can be properly priced and we are able to deduce the market value of a
private equity fund over its lifetime.
The model of the ﬁnancial market S can be seen as the basis for our stochastic
model of a private equity fund. We begin our model in the next Section with the
description of the model of capital drawdowns of a fund over its lifetime.
3 A Stochastic Model of a Private Equity Fund’s
Capital Drawdowns
3.1 Assumptions of the Drawdown Model
The private equity fund to be modeled is a typical closed-end fund that is structured
as a limited partnership. We diﬀerentiate between the fund’s total (legal) maturity
Tl and its commitment period Tc. The commitment period Tc denotes the time
by which the general partners (GPs) of the fund can draw down capital from the
investors or limited partners (LPs) of the fund. We assume that capital drawdowns
of a fund occur unscheduled over the commitment period Tc, depending only on
the investment decisions of the GPs. However, capital drawdowns over the whole
commitment period can never exceed the total capital C, that was initially com-
mitted to the fund by the LPs. The total legal maturity of the fund is the time by
which it is fully liquidated. Cumulated capital drawdowns from the LPs up to time
t are denoted by Dc
t, undrawn committed capital up to time t by Dt. From these
assumptions the following simple relationships must hold:
Dc
t = C − Dt, where Dc
0 = 0 and D0 = C
Most empirical studies reveal that a funds capital distributions are heavily con-
4See Delbaen and Schachermayer (1997) p.2 for this assumption.
5See Schachermayer (2000).
6See Harrison and Kreps (1979), Harrison and Pliska (1981) and Delbaen and Schacher-
mayer (1994).
5centrated in the ﬁrst few years of the funds lifetime.7 We model this behaviour
similar to the approaches of Takahashi and Alexander (2002) and Malherbe (2003),
that assume capital to be drawn at a non-negative rate from the remaining undrawn
committed capital.8 Our assumption can be stated as follows:
Assumption 1 Capital drawdowns over the commitment period Tc occur in con-
tinuous time. The behavior of the cumulated drawdowns Dc
t can be described by
the ordinary diﬀerential equation (ODE)
dDc
t = δtDt1{0≤t≤Tc}dt, (3.1)
where δt denotes the rate of contribution or simply the fund’s drawdown rate at
time t that is assumed to follow a non-negative stochastic process {δt,0 ≤ t ≤ Tc}.
The solution of this ordinary diﬀerential equation is well known from the bond
pricing literature. Substituting the identity dDc
t = −dDt and using the initial
condition D0 = C, yields the following solution of the ODE:
Dc

















The second equation gives the change of cumulated drawdowns between time t
and t+dt, that is equal to the actual drawdowns that occur over an inﬁnitesimally
short time interval dt. As can easily be inferred from the second equation, the
undrawn amounts up to time t exhibit exponential decay over the commitment
period of the fund. Capital drawdowns are hence concentrated in the early years of
a fund’s lifetime under this framework. It is also worth to note, that this approach
also incorporates the possibility that a fraction of the committed capital is not drawn
from the LPs over the whole commitment period. A behavior that can often be
observed in empirical studies.9
From equation (3.2) and (3.3), the conditional expected cumulated and instan-
taneous drawdowns can be inferred. If E[·|Fs] denotes the expectations operator
conditional on the ﬁltration Fs deﬁned in the preceding section, the expected cu-
mulated drawdowns at time t are given by (s ≤ t):
7See Ljungqvist and Richardson (2003) for the US private equity market and Kaserer and
Diller (2004) for the European market.
8Note that Takahashi and Alexander (2002) use a discrete-time framework to model draw-
downs, whereas Malherbe (2004) assumes capital drawdowns to occur in a continuous-time
framework similar to ours.
9For example, Ljungqvist and Richardson (2003) ﬁnd that funds raised between the years
1981 and 1992 on average only invested 94.8 percent of their committed capital.
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The expected instantaneous drawdowns dDc



















t we denote the actual drawdowns over a short time interval ∆t, ranging
from time t to t + ∆t. The expected actual drawdowns E[Da
t |Fs] over the time
interval ∆t can be approximated by:
E[Da
t |Fs] = E[dDc











|Fs] · ∆t (3.6)
The conditional expectations in equations (3.4), (3.5) and (3.6) all require the
integral over the stochastic process {δt,0 ≤ t ≤ Tc} to be deﬁned. In the next
Section we will relate a fund’s drawdown rate over time to the degree of compe-
tition on the market for private equity capital and derive a economically plausible
stochastic process for the dynamics of the drawdown rate δt.
3.2 An Economic Model for the Dynamics of the Draw-
down Rate
We start with a simple economic model for the market of private equity capital. In
a similar fashion as the work of Inderst and M¨ uller (2004), we deﬁne the market for
private equity capital as being populated by entrepreneurial ﬁrms that search ﬁnanc-
ing and private equity ﬁrms that provide ﬁnancing for entrepreneurial projects.10 On
the market there is a ﬁnite set of entrepreneurial ﬁrms Me
t, where |Me
t| denotes the
total number of ﬁrms operating on the market at time t. The set of private equity
ﬁrms on the market is given by M
p
t, the corresponding number of private equity
10For an extensive description of the economics of the private equity market, see also Gom-
pers and Lerner (1998).
7ﬁrms at time t is given by |M
p




t to indicate that the number of entrepreneurial and private equity ﬁrms





t, for all i ∈ {1,...,|M
p
t|}, can ﬁnance entrepreneurial projects with capital
that amounts to ei
t. In a similar fashion, we assume that the ﬁnancing requirements
of an entrepreneurial ﬁrm me
i ∈ Me
t, for all i ∈ {1,...,|Me
t|}, at time t is given by
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t denotes the total demand
for private equity capital of entrepreneurial ﬁrms operating on the market at time t.
As a simple measure of the degree of competition on the market for private equity
capital at time t, we deﬁne the ratio of total demand to total supply at time t, that
is Yt ≡ De
t/S
p
t . Low values of Yt (values close to zero) indicate a low demand for
private equity capital relative to the supply. That is in turn equal to a high degree
of competition between private equity ﬁrms for attractive deals. On the other hand,
high values of Yt indicate that competition is low, as there is a relative shortage in
capital supply compared to its demand.
We assume that the ratio Yt is relatively stable over time. From time to time
exogenous shocks on the capital supply or demand side increase or decrease the
degree of capital market competition. Exogenous shocks on the demand side could,
for example, be the invention of a new technology, like the development of the
personal computer. If this exogenous shock is unpredictable, competition will fall
after this shock because the stickiness of the private equity market leads to an initial
shortage of private equity based capital. As time passes by, new private equity ﬁrms
enter the market and the degree of competition reverts back to a more normal level.
Exogenous shocks on the capital supply side could, for example, be an im-
provement in the investment environment private equity ﬁrms operate in. Such an
improvement in the investment environment leads to an increase in the number of
private equity ﬁrms operating on the market and hence an increase in the degree of
competition, which makes it harder for private equity ﬁrms to ﬁnd attractive deals.
Again, we assume that those shocks are only transitory and competition will revert
back to a more normal level as time passes by.
In the following model we assume that the degree of capital market competition
can be described by a single suﬃcient state variable. The assumptions we make are
as follows:
Assumption 2 The changes in the degree of capital market competition in the
market for private equity capital Yt can be described by a single state variable, Λt.
That means that the state variable Λt can be thought of as determining the
dynamics of the degree of competition Yt in a way that the means and variances of
Yt are always proportional to Λt.
Assumption 3 The dynamics of the state variable Λt can be described in contin-
uous time by the stochastic diﬀerential equation (SDE)11
dΛt = (ζ + ξΛt)dt + ν
p
Λtdzt, (3.7)
where ζ, ξ and ν are constants, with ζ > 0, ξ < 0 and ν > 0.
11That is inspired by the work of Cox, Ingersoll and Ross (1985), that use a similar process
to model the changes in production opportunities over time.
8Under these assumptions, equation (3.7) corresponds to a mean-reverting pro-
cess with a long-run mean of −ζ/ξ > 0, a coeﬃcient of mean-reversion −ξ > 0
and a volatility of ν > 0. As the degree of capital market competition Yt evolves
proportional to Λt it will correspond to a mean-reverting process with a long-run
mean proportional to −ζ/ξ > 0. This is an economically reasonable behavior, as
exogenous shocks to Yt only have a transitory character and Yt will always revert
back to some long-run degree of competition.
In the next step, we relate the state variable Λt to the drawdown rate δt, at which
a private equity fund draws down capital from its investors. From the theoretical
work of Inderst and M¨ uller (2004), it follows that a private equity fund’s search
time for new investments is an increasing function of the the ratio Yt deﬁned above.
Hence the rate at which a private equity fund draws down capital will also increase
with the degree of competition Yt. Ljungqvist and Richardson (2003) test this
proposition empirically and ﬁnd a negative relationship between a fund’s time to
fully invested and the level of competition for deal ﬂows. Motivated by these results,
we make the assumption that the rate δt evolves proportionally to the state variable
Λt.
Assumption 4 The drawdown rate δt evolves proportional to the state variable Λt,
that is
δt = c · Λt, (3.8)
where c is a constant, with c > 0.
From Itˆ o’s Lemma, it can be inferred that the drawdown rate δt follows a diﬀu-
sion with drift and variance deﬁned by:
Drift(δt) = c(ζ + ξcδt) = κ(θ − δt) (3.9)
V ar(δt) = c2ν2cδt = σ2
δδt (3.10)
Where κ, θ and σδ are positive constants. The dynamics of the drawdown rate
δt can then be expressed by the stochastic diﬀerential equation:
dδt = κ(θ − δt)dt + σδ
p
δtdzt (3.11)
This process is similar to the one proposed by Cox, Ingersoll and Ross (1985)
for the short rate in their ”Theory of the Term Structure of Interest Rates”. As we
have shown, the process is an economic plausible assumption for the dynamics of
the drawdown rate. Furthermore, it has the advantage of mathematical tractability,
as we will see in the following Section. In the next Section we will take advantage
of Cox, Ingersoll and Ross (1985) and other related work to examine the behaviour
of the drawdown rate under this spciﬁcation in some detail and derive a solution for
the discounted sum of the outstanding drawdowns over a fund’s lifetime.
93.3 Drawdown Rate and Drawdowns under the Speciﬁca-
tion of a Mean-Reverting Square-Root Process
We model the drawdown rate by a stochastic process (δt)t∈[0,Tc], based on and
adapted to the stochastic base (Ω,F,F,P) introduced above. The mathematical
speciﬁcation under the objective probability measure P is given by:
dδt = κ(θ − δt)dt + σδ
p
δtdzt (3.12)
Where θ > 0 is the long-run mean of the drawdown rate, κ > 0 governs the
rate of reversion to this mean (coeﬃcient of mean-reversion) and σδ > 0 reﬂects
the volatility of the drawdown rate. zt is a standard Brownian Motion.12 The
speciﬁcation of the drawdown rate as the square-root process deﬁned in (3.12)
has the advantage that it precludes negative values and is therefore an appropriate
assumption. Furthermore, the mean-reverting structure of the process reﬂects the
fact that we assume the drawdown rate to ﬂuctuate randomly around some mean
level θ.
As shown by Cox, Ingersoll and Ross (1985), the probability density function of
the drawdown rate under this speciﬁcation is the noncentral chi-square, χ2[2cδt;2q+
2,2u], with 2q + 2 degrees of freedom and a paramter of noncentrality 2u.13
The expected value and variance of the drawdown rate conditional on the ﬁltra-
tion Fs are given by (s ≤ t):14
E[δt|Fs] = δse−κ(t−s) + θ(1 − e−κ(t−s)) (3.13)














If t grows, the expected drawdown rate converges to its long-run mean θ, as
limt→∞ E[δt|Fs] = θ. The variance of the drawdown rate converges to a constant
positive number, as limt→∞ V ar[δt|Fs] = θσ2
δ/κ.
Under the proposed dynamics of the drawdown rate, every contingent claim
Φ(δt,t) that is a function of δt and time t, including capital drawdowns, must satify











∂δ2 − rfΦ = 0 (3.15)
Since the drawdown rate is not spanned by the assets in the economy, the
drawdown risk can not be eliminated by arbitrage considerations.17 Therefore, a
12Note that Wiener processes are also referred to as Brownian Motions in the literature.
13For details see Cox, Ingersoll and Ross (1985) p.391-392.
14See Cox, Ingersoll and Ross (1985) p.392.
15See Cox, Ingersoll and Ross (1985) p.393.
16For simplicity, the time subscript t is suppressed in the PDE.
17Remember from section 2, that we have assumed that the only traded asset on the ﬁnancial
market is the money market account.
10market price of drawdown risk λδ is introduced that explicitly enters into the PDE










From the derivatives literature it is well known, that in a complete ﬁnancial
markets setting, every contingent claim can be perfectly replicated by a portfolio
of traded securities and thus pricing by arbitrage considerations alone is possible.
When markets are complete, there exists a unique equivalent martingale measure
(EMM) and the set of equivalent probability measures Me(S) is therefore reduced
to a singleton, {Q}. This is also known in the literature as the ”second fundamental
theorem of asset pricing”.18
In an incomplete markets setting, as considered here, pricing by arbitrage consid-
erations is generally impossible, due to the existence of a non-empty set of diﬀerent
EMMs (Me(S) 6= ∅), that yield diﬀerent prices of contingent claims. Choosing one
EMM out of the set Me(S) is equivalent to specifying a certain functional form for
the market price of risk λδ. In incomplete markets, prices are partly determined by
aggregate supply and demand. Supply and demand for a certain security are in turn
determined by the risk preferences of the investors on the market. If there were a
traded asset on the market that pays δ(T) at time T, the price of this asset would
already incorporate all the intertemporal equilibrium considerations associated with
the pricing of drawdown risk and pricing by arbitrage would hence be possible. Un-
der our setting of an incomplete market, we have to derive λδ from a general asset
pricing model based on equilibrium considerations.
3.4 The Equilibrium Pricing of Drawdown Risk
To derive a formula for the market price of drawdown risk, we use the consumption-
based capital asset pricing model (CCAPM), that goes back to the classic papers of
Lucus (1978), Breeden (1979) and Grossman and Shiller (1981). We do not claim
originality for this approach. Similar approaches can be found in the literature of
option pricing under stochastic volatility. As volatility is a non-traded asset, the
price of an option will also depend on the market price of volatility risk. To derive
the functional form of the market price of volatility risk, for example, Heston (1993)
uses the CCAPM.
From the consumption-based CAPM, it follows that the risk premium in (3.16)
is deﬁned by:19
E(dδt) − rfdt ≡ rrat · Cov(dδt,dKt/Kt) = rrat · σδ,K (3.17)
Where Kt denotes the consumption level of a representative investor at time t.
rrat is the relative risk aversion of the representative investor deﬁned on its direct
utility function for consumption u(Kt), that is rrat = −Kt · u00(Kt)/u0(Kt).
18See Dalbaen and Schachermayer (1994).
19See Breeden (1979) p. 275.
11In the simplest case, the drawdown rate and aggregate consumption are uncor-
related (σδ,K = 0). Under this speciﬁcation, the market price of drawdown risk
is equal to zero, λδ = 0. In economic terms, that means that the drawdown rate
carries no systematic risk and drawdown risk is hence not priced in the economy.
Note that this is not an unrealistic case, as Ljungqvist and Richardson (2003) show
that the rate at which private equity funds draw down capital is not correlated with
conditions in the public equity markets.
For a non-zero correlation (σδ,C 6= 0), the market price of risk λδ will depend on
the coeﬃcient of relative risk aversion. We assume that the representative investor







Where γ > 0 is the representative investor’s coeﬃcient of relative risk aversion.
As a reference case, we can assume that the representative agent has log utility, that
is γ = 1.20 Under this assumption, the market price of risk is given by λδ = σKρδ,K,
where σK is the standard deviation of consumption and ρδ,K the correlation between
the drawdown rate and consumption. The magnitude of λδ will then depend on
whether the representative investor is more or less risk-averse than an investor with
log utility. The speciﬁcation of λδ will be as follows:
0 < γ < 1 → λδ < σKρδ,K,
γ = 1 → λδ = σKρδ,K,
γ > 1 → λδ > σKρδ,K.
Using the results derived above, the stochastic process for the drawdown rate
can be deﬁned under the probability measure Q ∈ Me(S):





In the following Section we use (3.19) to derive the expected cumulated and
instantaneous drawdowns and ﬁnd a formula for the discounted value of all out-
standing drawdowns over the commitment period of a fund.
3.5 Expected Risk-Neutral Drawdowns and the Discounted
Value of Outstanding Drawdowns
The expected cumulated drawdowns under the risk-neutral probability measure Q
conditional on the information Fs revealed up to time s are given by (s ≤ t):
20Note that as γ approaches one, the power utility function in (3.18) approaches the log
utility function u(Kt) = lnKt.
12EQ[Dc








= C − Ds · eA(s,t)−B(s,t)δs (3.20)
Where the functions A(s,t) and B(s,T) are well known from the work of Cox,












(α + κ + λδ)(eα(t−s) − 1) + 2α
α ≡
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(κ + λδ)2 + 2σ2
δ
1/2







= −Ds · (A0(s,t) − B0(s,t)δs)eA(s,t)−B(s,t)δs (3.21)
Where A0(s,t) = ∂A(s,t)/∂t and B0(s,t) = ∂B(s,t)/∂t. Following the stan-
dard techniques from the derivatives literature, we can now value outstanding draw-
downs at time t by the expectations of their risk-neutral discounted values, where
expectations are computed with respect to the risk-neutral probability measure Q.











e−rf(τ−t)(A0(s,t) − B0(s,t)δs)eA(s,t)−B(s,t)δsdτ (3.22)
Unfortunately, the integral in (3.22) cannot be eliminated and must hence be
evaluated numerically. Now, we assume that drawdowns occur in discrete time and
denote by Da
t the actual drawdowns over a time interval ∆t, ranging from time t
to t+∆t. The discounted sum of all outstanding drawdowns Dt at time t can then
be calculated by the discrete time equivalent to (3.22), that can be stated as:
21See Cox, Ingersoll and Ross (1985) p.393.






















i |Fs] can be approximated by:23
EQ [Da
i |Fs] = −Ds · (A0(s,i∆t) − B0(s,i∆t)δs)eA(s,i∆t)−B(s,i∆t)δs∆t (3.24)
Using (3.23) and (3.24), the value of the outstanding drawdowns over the fund’s
lifetime can be found. In the next Section, we present our model for the capital
distributions of a private equity fund.
4 A Stochastic Model of a Private Equity Fund’s
Capital Distributions
4.1 Assumptions of the Distributions Model
In the following, we present our model for the capital distribution of a private equity
fund. In our framework, capital distributions are deﬁned as the positive cash outﬂows
a fund distributes to its investors over its ﬁnite lifetime Tl. Our assumptions can
be summarized as follows:
Assumption 5 (Non-negative) capital distributions of a private equity fund to its
investors occur between time t0 and the fund’s legal maturity Tl.
We model distributions and drawdowns separately and therefore restrict distri-
butions to be strictly non-negative at any time.
Assumption 6 Capital distributions occur only at discrete times, t1 = t0 + ∆t,
t2 = t0 + 2∆t, ...,tN = t0 + N∆t, where tN = Tl. ∆t is deﬁned to be the
frequency at which the fund distributes capital to its investors and N is the total
number of cash outﬂows, where N = Tl/∆t.
As opposed to our model for the capital drawdowns of a fund, we do not assume
that capital distributions occur in a continuous-time setting. However, as we will
see in the following, the cash outﬂows in our framework will again be the result of
some time-continuous stochastic processes.
Assumption 7 Capital distributions at all discrete times tn are assumed to follow
a lognormal distribution, where Cn ∼ LN(αn,βn) for all n ∈ {1,..,N} holds.
23See also equation (3.6)
14The lognormal distribution has the advantage that it precludes capital distri-
butions to become negative at any of the discrete times tn and is therefore an
economically reasonable assumption.
Assumption 8 Furthermore, it is assumed that capital distributions at consecutive
times are correlated with a coeﬃcient of correlation ρn,n+1 for all n ∈ {1,..,N −1}.
This is a simplifying assumption. We could easily extend the model to incor-
porate the correlation of capital distributions with higher lags. However, restricting
the model to correlations between consecutive capital drawdowns makes it easier to
implement in practice as less model parameters have to be estimated.
Figure 1 summarizes our assumptions. The value of all outstanding drawdowns
discounted to time t0, the funds starting date, is denoted by D0. The ﬁrst capital
distribution occurs at time t0 and follows a lognormal distribution with distribution
parameters of α1 and β1. This cash outﬂow is correlated with the capital distribu-
tion at time t2, where the coeﬃcient of correlation is ρ1,2 and C2 also exhibits the
lognormal property with parameters α2 and β2. The last cash outﬂow of the fund
occurs at time tN, where tN denotes the time by which the fund is fully liquidated.
Figure 1: Model Assumptions of the Distributions Model
We explicitly use a discrete-time approach to model capital distributions be-
cause it seems to be more ﬂexible than a continuous-time approach in dealing with
the non-stationarities and serial correlation that can be found in empirical studies
concerning the cash ﬂows of private equity funds. For example, Ljungqvist and
Richardson (2003) show that capital distributions of an average fund are not iden-
tically distributed over a fund’s lifetime.24 They report that capital distributions of
an average fund are rare in the early years of a fund’s lifetime and that most of the
cash outﬂows are concentrated between year ﬁve and year 10. Kaserer and Diller
(2004) report similar characteristics for European private equity funds.
In the next Section, we show how the capital distribution over the fund’s lifetime
can be modeled using hypothetical replicating assets.
24See Ljungqvist and Richardson (2003) table 3 on p.33.
154.2 Modeling Capital Distributions with Hypothetical As-
sets
To model the capital distributions of a fund, we deﬁne hypothetical assets that
replicate the cash outﬂows at the discrete times times t1,...,tN. The term hypo-
thetical refers to the fact that these assets are only a construct that helps us to
value the future cash ﬂows and that we do not assume that these assets are traded
in the underlying ﬁnancial market. We keep the assumption of section 2 that the
only traded asset in the market is the money market account. The economic idea
behind our approach can be summarized as follows. At time t0 when the fund is set
up its net value must be equal to zero. Hence the discounted sum of all outstanding
future distributions at t0 must be equal to the discounted sum of all outstanding
future drawdowns. The value of all discounted distributions must hence be equal
to D0. We can consider this value to be the value of a portfolio of N hypothetical
assets, that at time t0 all have the same value of D0/N and are deﬁned to have
the following properties.
Assumption 9 An asset is deﬁned to be the replicating asset to the cash ﬂow of
the fund at time tn (for all n ∈ {1,...,N}), if the random variable An
t modeling
the price of asset n has the same distribution at time tn as the cash ﬂow Cn, that
is An
tn ∼ Cn.
From the lognormal distribution of the cash ﬂows, it follows that the log cash
ﬂows must exhibit a normal distribution. Mathematically, this is:
lnCn ∼ N(αn,βn) (4.1)
From the the distribution of the log cash ﬂows, we can infer the distribution of
the continuously compounded returns of the hypothetical assets. It follows, that






= lnCn − ln
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tn) = N(µn,σn)25 (4.2)
The continuously compounded returns for all assets hence follows a normal dis-
tribution, where µn denotes the expected return of asset n and σn its standard
deviation. Under this speciﬁcation, the dynamics of the prices An
t of the hypo-
thetical assets can be formulated using simple geometric Brownian motions. The





= µndt + σndzn
t (4.3)
Where zn





dt holds.26 In Section 4.1 we have assumed that consecutive capital
25Note that µn and σn are measured as expected return and standard deviation of returns
per year.
26Where εn
t are standard normal variates, where εn
t ∼ N(0,1) holds.
16distributions of a fund are correlated with a coeﬃcient of correlation ρn,n+1. We can
incorporate this correlation into our model by assuming that the Wiener processes









From the solution of the stochastic diﬀerential equation (4.3), it is possible
to derive a closed-form formula for the cash ﬂows that does only depend on the
expected values and standard deviations of the log cash ﬂows. The cash ﬂows at
each of the dates t1,...,tN are equal to the values of the corresponding assets at

















0 = D0/N and the expected returns and standard deviations µn










This equation can be used to ﬁnd simulated values for the capital distributions
for all of the n ∈ {1,...,N} cash outﬂows of a fund. In the next Section, we show
how of the discounted sum of outstanding capital distributions can be found. As
the hypothetical assets are not traded on a ﬁnancial market, we must again apply
equilibrium considerations.
4.3 Expected Risk-Neutral Distributions and the Discounted
Value of Outstanding Distributions
Using a similar line of argument as in section 3.4, the risk-neutralized cash ﬂows













Where λn denotes the market price of risk of the hypothetical asset n, or con-
versely, the market price of risk of the nth cash ﬂow of the fund. This market
price of risk emerges because cash ﬂows of the fund are constructed to depend on
the values of the hypothetical assets that are not traded in the ﬁnancial market.
We further do not make the unrealistic assumption, that there exists ”real” assets
27The correlation between the Wiener processes dzn
t and dzn+1
t can be realized by drawing
the variates dzn
t and dzn+1
t from a standard bivariate normal distribution with correlation
ρn,n+1. If x1 and x2 are independent standard normal variates, then the correlated variates
can be found by setting εn
t = x1 and εn+1




17in the market that are perfectly correlated with the deﬁned hypothetical assets.28
Hence, we are dealing with an incomplete market setting and pricing by arbitrage
considerations is no longer feasible. Similar to Section 3.4, the market price of risk










The risk-premium in the equation above can again be inferred from the consumption-
based CAPM. It turms out:
E(dAn
t /An
t ) − rfdt ≡ rrat · Cov(dAn
t /An
t ,dKt/Kt) (4.9)
Where rrat is again the representative investor’s coeﬃcient of relative risk aver-
sion and Kt denotes his consumption level at time t. Assuming a representative
investor with power utility as in Section 3.4, it turns out that rrat = γ. One might
wonder whether the consumption-based CAPM is really applicable under this set-
ting. However, it should be noted that Grossman and Shiller (1981) prove that the
CCAPM does also hold for assets that are non-traded in ﬁnancial markets.
The equation above requires as inputs the covariance between consumption
changes and the returns of the hypothetical assets. These returns are not observable
as the assets are only an artiﬁcal construct. The only observable quantities are the
cash ﬂows of the fund that occur at discrete times. We therefore approximate the
risk-premium from above in discrete time by deﬁning:
E(∆An
t /An
t−1) − rf ≈ γ · Cov(lnCtn,lnKtn) · 1/tn = γσC,K/tn (4.10)
Where σC,K is the covariance between the log cash ﬂows of the fund at time tn
and the log consumption at that time.29 Substituting these results into the equation







n − γσC,K + βnεn

(4.11)
The conditional expectations of the capital distributions under the probability










28Respectively, perfectly correlated with the cash ﬂows of the fund.
29Note that we make the simplifying assumption that this covariance is identical for all cash
ﬂows.
30Note that the conditional expectations are equal to the unconditional expectations, as we
have assumed αn and βn to be given exogenously.
18Using standard arguments from the derivatives literature, the discounted value
















Where EQ[Ci|Fs] is given by equation (4.12). In the next Section, we can now
deﬁne the market value and model retun of a private equity fund.
5 Market Value and Model Time-Weighted Re-
turn of a Private Equity Fund
Using the results from the stochastic model of capital drawdowns and distributions
of a private equity fund, we can now infer a formula for the fund’s market value MVt
at time t. If Ct and D
a
t denote the discounted sums of all outstanding distributions
and drawdowns at time t, the market value MVt is given by:









is the funds risk-neutral market value at liqui-
dation Tl discounted to time t. As private equity funds are fully liquidated at the
end of their lifetime Tl, this value is per deﬁnition equal to zero. The fund’s market
value is then completely deﬁned by the diﬀerence between the discounted sum of
all outstanding capital distributions and drawdowns:
MVt = Ct − D
a
t (5.2)
In discrete-time, when drawdowns and distributions occur with a frequency of






























19Where EQ[Ci|Fs] and EQ[Da
i |Fs] are given by equations (4.12), (3.23) and
(3.24) above. With this market value, a periodic time-weighted return of a fund
over a time interval ∆t can be deﬁned by:
rd
t,t+∆t =


















These returns have all the desirable properties of standard time-weighted re-
turns used is portfolio and risk management models. They allow the estimation
of a standard deviation of returns and a correlation of private equity returns to
other asset classes. The returns do only depend on the deﬁned market values of
a fund and the observable capital distributions Ct+∆t and drawdowns Da
t+∆t over
the time interval ∆t. They do not depend on net asset values reported by the fund
management and do therefore not suﬀer from problems, such as stale or managed
pricing. Furthermore, this approach allows us to perform a Monte-Carlo simulation
to examine the distribution of the returns on a private equity fund under diﬀerent
parameter speciﬁcations.
6 Conclusion
In this paper, we present a stochastic model for the dynamics of a private equity
fund. Our work diﬀerentiates from previous research in the area of venture and
private equity fund modeling in the following respects. Our model of a fund’s capi-
tal drawdowns and distributions is based on observable economic variables only. In
this sense, we do not specify a process for the dynamics of the unobservable value
of a fund’s assets over time, as done in the existing deterministic and stochastic
models of Takahashi and Alexander (2002) and Malherbe (2004). Rather, we en-
dogenously derive the market value of a fund by using equilibrium intertemporal
asset pricing considerations. The combination of equilibrium asset pricing principles
and appropriate economic modeling of the underlying stochastic processes allows us
derive a simple closed-form solution for the market value of a fund over time. This
market value can be used to deﬁne a periodic model return of a private equity fund.
Hence, we do also provide a new approach to measure the return of private equity
investments that does not suﬀer from typical problems, such as stale or managed
pricing.
To our knowledge, we are the ﬁrst that apply considerations along these lines.
In addition, the methods developed here could easily be applied to other illiquid
alternative investments, such as closed-end real estate funds. Another stream of
research would be the extension of our model to more complex stochastic settings.
20Furthermore, an empirical test and calibration of our model to empirical data is left
for future research.
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